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Abstract
Starting from the tri-Hamiltonian formulation of the Lagrange top in
a six-dimensional phase space, we discuss the reduction of the vector
field and of the Poisson tensors. We show explicitly that, after the
reduction on each one of the symplectic leaves, the vector field of the
Lagrange top is separable in the sense of Hamilton–Jacobi.
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1 Introduction
This paper completes the analysis of the Lagrange top (LT ) as a quasi-bi-
Hamiltonian (qbH) system started in [1], to which we refer for more details.
Summarizing, we showed in [1] that the tri–Hamiltonian structure of LT ,
defined on a six-dimensional phase space by three compatible Poisson tensors
P0, P1, P2, can be reduced onto a four-dimensional phase space. When
one tries to eliminate the Casimirs of the Poisson tensors by fixing their
values, one is faced with a typical situation, occurring also for other finite-
dimensional integrable systems [2, 3, 4]: to each one of the symplectic leaves
S0, S1, S2 one can restrict only the vector field XL and the corresponding
Poisson tensor, but not the entire tri–Hamiltonian structure, which is lost
under restriction. Nevertheless, the LT vector field XL, restricted to the
symplectic leaf S0 of the Poisson tensor P0, can be given a qbH formulation,
and this fact yields its separability in the sense of Hamilton–Jacobi (HJ).
In this paper, we show that this property of the vector field XL is more
general. In fact, the qbH property can be recovered also if the restriction
is performed to any symplectic leaf of the second Poisson tensor P1; more-
over, exploiting some properties of the qbH model, we can explicitly give the
separation variables for the restriction of XL to any symplectic leaf of the
third Poisson tensor P2. It is remarkable that in both cases the separation
variables are obtained by means of non-symplectic maps.
The paper is organized as follows. In Section 2 and 3, we discuss some
properties of a generic tri–Hamiltonian structure with deformation and of
the qbH model, in view of application to LT . In Sections 4 and 5 the tri–
Hamiltonian structure of LT , the deformation field and their reduction are
briefly reviewed. At last, the results of Section 3 are applied in Section 6
to show that XL can be written in a separable form when its restriction is
performed to any symplectic leaf of the three Poisson tensors.
2 Deformation of multi–Hamiltonian struc-
tures and hereditary operators
Let us assume that:
i) (M,P2, τ) is a Poisson manifold with a deformation, i.e.,M is a differential
manifold endowed with a Poisson tensor P2 and with a vector field τ in such
a way that the Lie derivative P1 = Lτ (P2) of P2 w.r.t. τ is itself a Poisson
1
tensor. This assumption implies that P2 − λP1 is a Poisson pencil.
ii) The Poisson tensor P1 is exact w.r.t. τ , i.e., L
2
τ (P1) = 0. This implies
that P0 = Lτ (P1) = L
2
τ (P2) is itself a Poisson tensor, compatible with both
P1 and P2.
So, under the above assumptions it follows that:
2.1 Lemma The manifold (M,P0, P1, P2) is a tri–Hamiltonian manifold,
i.e., the linear combination P0 − λP1 − µP2 is itself a Poisson tensor for
every value of the constants coefficients λ and µ.
Remark As one can easily verify, if there is a tri–Hamiltonian structure (P˜0,
P˜1, P˜2) such that Lτ (P˜0) = 0, Lτ (P˜1) = α P˜0, Lτ (P˜2) = β P˜1 + γP˜0, with α,
β and γ constant parameters, then P0 = P˜0, P1 = (1/α)P˜1 + (γ/αβ)P˜0 and
P2 = (a/αβ)P˜2 fulfil, for any given a, the deformation relations
Lτ (P2) = aP1 Lτ (P1) = P0, Lτ (P0) = 0 . (2.1)
The following Lemma gives a sufficient condition for the projection of the
tri–Hamiltonian structure along a submersion.
2.2 Lemma Let pi : M 7→ M ′ be a surjective submersion onto a manifold
M ′. If both P2 and τ are projectable onto M
′, the whole tri–Hamiltonian
structure is preserved under the submersion pi. Denoting the reduced tensors
as P ′
0
, P ′
1
, P ′
2
and the reduced vector field as τ ′, it still holds that
Lτ ′(P
′
2
) = aP ′
1
Lτ ′(P
′
1
) = P ′
0
, Lτ ′(P
′
0
) = 0. (2.2)
As is known, if the reduced Poisson tensor P ′
0
is kernel-free, so that its inverse
is symplectic, then onM ′ the operator N = P ′
1
P ′
0
−1 is a hereditary operator,
i.e., it has a vanishing Nijenhuis torsion [5]. We now search for some con-
ditions on the deformation τ , assuring that N acts as a recursion operator
(in a direction opposite to the one of the Lie derivatives w.r.t. τ) for the
reduced tri–Hamiltonian structure on M ′, mapping also P ′
1
to P ′
2
(possibly,
up to a constant factor): NP ′
1
= λP ′
2
for some constant λ; to this purpose,
the following result can be used.
2.3 Lemma Given a vector field τ on M and its reduction τ ′ on M ′, let
us consider the equation Lτ ′(Q
′) = 0 and look for a solution Q′ which is a
2
(2,0) skew-symmetric tensor. If P ′
0
is the general solution (up to a constant
factor): Lτ ′(Q
′) = 0 ⇒ Q′ = αP ′
0
, then the tensor N := P ′
1
P ′
0
−1 defined on
the manifold M ′ is such that
N P ′
1
=
2
a
P ′
2
+ β P ′
0
(β = constant) . (2.3)
Proof On account of (2.2) and the previous assumptions, the equations
Lτ ′(Q
′) = P ′
0
and Lτ ′(Q
′) = P ′
1
have the solutions Q′ = P ′
1
+ αP ′
0
and
Q′ = (1/a)P ′
2
+ αP ′
0
, respectively; since it is also Lτ ′(N) = I, we have
1
2− a
Lτ ′(NP
′
1
− P ′
2
) = P ′
1
⇒
1
2− a
(NP ′
1
− P ′
2
) =
1
a
P ′
2
+ αP ′
0
yielding (2.3) with β = (2− a)α.
2.4 Lemma Let a tri–Hamiltonian structure (P ′
0
, P ′
1
, P ′
2
) be given, with τ ′
fulfilling (2.2) and a recursion operator N such that N P ′
0
= P ′
1
and N P ′
1
=
λP ′
2
+µP ′
0
. Then the tensors Q0 = P
′
0
, Q1 = P
′
1
, Q2 = P
′
2
+(µ/λ)P ′
0
are such
that the deformation relations (2.2) still hold and N Q0 = Q1, N Q1 = λQ2 .
Proof A trivial computation.
On account of the above results, given a tri–Hamiltonian structure (P0, P1,
P2) with a deformation τ fulfilling (2.1), if the deformation and the tri–
Hamiltonian structure are preserved under the submersion pi, then on the
reduced manifold there is also (possibly after a rescaling) a recursion struc-
ture defined by N .
3 Some properties of the quasi-bi-Hamiltonian
model
The qbH model was introduced in [6, 7] and developed in [8, 9].
Let Q0, Q1 be two compatible Poisson tensors; a vector field X admits a qbH
formulation if there are three functions ρ, H , K such that
X = Q0 dH =
1
ρ
Q1 dK . (3.1)
If M is even-dimensional, dim M = 2n, the qbH formulation is said to be
of maximal rank if Q0, Q1 are non degenerate at each point m ∈ M and
3
the associated tensor N = Q1 Q
−1
0
(with vanishing Nijenhuis torsion) has
n distinct eigenvalues λ1(m), ..., λn(m); the qbH formulation is said to be of
Pfaffian type if ρ =
∏n
i=1 λi. For a qbH structure of maximal rank, one can
introduce a Darboux-Nijenhuis chart (λi, µi) (i = 1, 2, ..., n) such that Q0,
Q1 and N take the canonical form
Q0 =
(
0 I
−I 0
)
, Q1 =
(
0 Λ
−Λ 0
)
, N =
(
Λ 0
0 Λ
)
(3.2)
where I is the n× n unit matrix and Λ = diag(λ1, ..., λn) [10].
3.1 Proposition [8] In a Darboux-Nijenhuis chart, the general solution of
Eq.(3.1) for the Pfaffian case is given by the functions
H =
n∑
i=1
fi
∆i
, K =
n∑
i=1
ρ
λi
fi
∆i
(3.3)
where ∆i =
∏
j 6=i(λi− λj) and fi are arbitrary functions, depending at most
on the pair (λi, µi). Moreover, the HJ equations for both H and K are
separable in the chart (λ, µ).
¿From now on, functions of the form (3.3) in a given chart will be said to have
a normal form. The above Proposition yields straightforwardly the following.
3.2 Corollary Let X = Q0 dH be a Hamiltonian vector field, Q0 and H
taking the form (3.2), (3.3); then there exist Q1 and K of the form (3.2) and
(3.3), respectively, such that X = (1/ρ)Q1dK.
Viceversa, let X = (1/ρ)Q1 dK, with ρ =
∏n
i=1 λi, Q1 and K of the form
(3.2) and (3.3); then there exist Q0 and H of the form (3.2) and (3.3),
respectively, such that it is also X = Q0dH.
In view of applications to LT , let us consider in more detail a four-dimensional
manifold (n = 2); in this case, we have some more general conditions assuring
that a Hamiltonian vector field is separable.
3.3 Proposition On a four-dimensional manifold, let X = Q0 dH˜ be a
Hamiltonian vector field, with Q0 of the canonical form (3.2) in a chart
4
(x; y). Let the Hamiltonian H˜ be a linear combination of two functions Hˆ,
Kˆ possessing the normal form (3.3), i.e.,
H˜(x; y) = α Hˆ(x; y) + β Kˆ(x; y) (α, β = const.) , (3.4)
Hˆ(x; y) =
1
x1 − x2
(
fˆ1(x1, y1)− fˆ2(x2, y2)
)
,
Kˆ(x; y) =
1
x1 − x2
(
x2fˆ1(x1, y1)− x1fˆ2(x2, y2)
)
.
Then the map Φ0 : (x; y) 7→ (λ;µ)
λi =
β
α + β xi
, µi = −
1
β2
(α+ β xi)
2 yi (i = 1, 2) (3.5)
is symplectic for Q0 (i.e., Q0 is preserved under Φ0); H˜ is transformed under
Φ0 into a function H of the normal form (3.3), with
fi(λi, µi) = −β λi fˆi(
1
λi
−
α
β
,−λ2iµi) (i = 1, 2) . (3.6)
So, the vector field X admits a qbH formulation and the Hamiltonian H˜ is
separable in the chart (λ;µ).
Proof By straightforward computations one checks that the map Φ0 is sym-
plectic for Q0 and that the Hamiltonian H˜ takes the form
H˜
(
x(λ;µ); y(λ;µ)
)
=
1
λ1 − λ2
(
f1(λ1, µ1)− f2(λ2, µ2)
)
, (3.7)
with fi(λi, µi) given by (3.6). On account of Corollary 3.2, the vector field
X = Q0dH admits also the qH formulation X = 1/ρ Q1dK; the separability
of H˜ in the chart (λ;µ) follows from Proposition 3.1.
3.4 Corollary H˜ is separable also in the chart (x; y); the corresponding
HJ equation H˜(x; ∂W/∂x) = h˜ has the complete solution W = W1 +W2,
W1 and W2 fulfilling the Jacobi separation equations [11]
fˆi(xi,W
′
i (xi)) = xihˆ− kˆ, α hˆ + β kˆ = h˜ (i = 1, 2) . (3.8)
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Indeed, the map Φ0 is a separated map [12], i.e., it maps separated coor-
dinates into separated ones. So, taking into account the form (3.7) of the
function H˜ , it is easily checked that the HJ equation has a complete solu-
tion W (x1, x2; hˆ, kˆ) = W1(x1; hˆ, kˆ) +W2(x2; hˆ, kˆ), with α hˆ + β kˆ = h˜ and
W1, W2 fulfilling the Jacobi separation equations (3.8) for the HJ equations
Hˆ(x; ∂W/∂x) = hˆ, Kˆ(x; ∂W/∂x) = kˆ.
3.5 Proposition On a four-dimensional manifold, let X = Q1 dH˜ be a
Hamiltonian vector field, with Q1 of the form (3.2) in a chart (x; y); let
the Hamiltonian H˜ be a linear combination of two functions Hˆ, Kˆ with the
normal form (3.3), i.e.,
H˜(x; y) = α Hˆ(x; y) + β Kˆ(x; y) (α, β = const.) ,
Hˆ(x; y) =
1
x1 − x2
(
fˆ1(x1, y1)− fˆ2(x2, y2)
)
,
Kˆ(x; y) =
1
x1 − x2
(
x2fˆ1(x1, y1)− x1fˆ2(x2, y2)
)
.
Then the map Φ1 : (x; y) 7→ (λ, µ) given by
λi =
1
α+ β xi
, µi = −
1
β
(α + β xi)
2
yi
xi
(i = 1, 2) (3.9)
is a Darboux map for Q1 (i.e., Q1 is mapped to Q0 under Φ1); H˜ is trans-
formed under Φ1 into a function H of the normal form (3.3), with
fi(λi, µi) = −β fˆi
( 1
β
(
1
λi
− α),−(
1
λi
− α) λ2i µi
)
(i = 1, 2). (3.10)
So, the vector field X admits a qbH formulation and the Hamiltonian H˜ is
separable in the chart (λ;µ).
Proof A straightforward computation allows one to check that Φ1 is a Dar-
boux map for Q1 and that H˜ is mapped into a function H of normal form,
with fi given by (3.10). Corollary 3.2 and Proposition 3.1 assure that H˜ is
separable in the chart (λ, µ).
3.6 Proposition On a four-dimensional manifold, let X = Q2 dG˜ be a
Hamiltonian vector field, with Q2 of the form (3.2) in a chart (x; y) and
G˜ = α Kˆ + βHˆ2 ,
6
Hˆ and Kˆ being in the normal form (3.3). Then the map Φ2 : (x; y) 7→ (λ;µ)
λi = −
1
xi
, µi = yi (i = 1, 2) (3.11)
is a Darboux map for Q2 (i.e., it maps Q2 into Q0); G˜ is mapped under Φ2
into the function
G = αH + β K2 (3.12)
with H and K in the normal form (3.3) and
fi(λi, µi) = −λi fˆi(−
1
λi
, µi) (i = 1, 2) . (3.13)
The function G˜ is separable in the chart (λ;µ).
Proof It is straightforward to verify that Φ2 is a Darboux map for Q2 and
that G˜ is mapped into G. Let us consider the HJ equation G(λ; ∂W/∂λ) = g
for G; one can easily verify that it isW =W1+W2 withW1 andW2 solutions
of the separation equations
fi(λi,W
′
i (λi)) = λi h− k (α h+ β k
2 = g) (i = 1, 2) . (3.14)
4 The tri–Hamiltonian structure of the La-
grange top
In the comoving frame, whose axes are the principal inertia axes of the top,
with fixed point O, the LT is parametrized by the pair m = (ω; γ), where
ω = (ω1, ω2, ω3)
T and γ = (γ1, γ2, γ3)
T are the angular velocity and the
vertical unit vector, respectively. If µ is the mass of the top, g the acceleration
of gravity, J = diag(A,A, cA) the principal inertia matrix (c 6= 1) and G =
(0, 0, a)T the center of mass, normalisations are chosen so that µag = A.
The Euler-Poisson equations dLo/dt = Mo and dγ/dt = 0 take the form
dm/dt = XL(m), where XL is given by
XL(m) =
(
−(c−1)ω2ω3−γ2, (c−1)ω3ω1+γ1, 0; γ2ω3−γ3ω2, γ3ω1−γ1ω3, γ1ω2−γ2ω1
)T
.
The LT vector field XL can be given a tri–Hamiltonian formulation
XL = P0dh0 = P1dh1 = P2dh2 ;
7
written in matrix block form, the compatible Poisson tensors are:
P0 =
(
0 B
B C
)
, P1 =
(
−B 0
0 Γ
)
, P2 =
(
T R
−RT 0
)
,
B =

 0 −1 01 0 0
0 0 0

 , C =

 0 c ω3 −ω2−c ω3 0 ω1
ω2 −ω1 0

 , Γ =

 0 γ3 −γ2−γ3 0 γ1
γ2 −γ1 0

 ,
T =

 0 −c ω3 ω2/cc ω3 0 −ω1/c
−ω2/c ω1/c 0

 , R =

 0 −γ3 γ2γ3 0 −γ1
−γ2/c γ1/c 0

 .
The Hamiltonian functions are
h0 =
1
2
F4 + (c− 1)F1F3, h1 =
1
2
c(c− 1)F 3
1
− F3 − (c− 1)F1F2, h2 = F2
F1 = ω3, F2 =
1
2
(ω2
1
+ ω2
2
+ c ω2
3
)− γ3, (4.1)
F3 = ω1γ1 + ω2γ2 + c ω3γ3 , F4 = γ
2
1
+ γ2
2
+ γ2
3
.
The functions (F1, F2) are Casimirs of P0, (F1, F4) of P1 and (F3, F4) of P2.
The Hamiltonian formulation of LT w.r.t. P2 is classical (see, e.g.,[13]); the
bH formulation w.r.t. (P0, P2) was introduced in [14] in the semidirect prod-
uct so(3) × so(3), and was later recovered in [15] in an algebraic-geometric
setting; the tri–Hamiltonian formulation w.r.t. (P0, P1, P2) was constructed
in [16], by a suitable reduction of the Lie-Poisson pencil defined in the direct
sum of three copies of so(3).
As shown in [16], the tri–Hamiltonian structure of LT admits the deformation
Lτ (P2) = 2P1, Lτ (P1) = P0, Lτ (P0) = 0, where τ is given, in the chart (ω; γ),
by τ = (0, 0,−2/c;ω1, ω2, c ω3)
T ; on the contrary, a recursion operator N
relating the Poisson tensors does not exist in M .
The Poisson pencils P1 − λP0, P2 − λP1, P2 − λP0 are three Poisson pencils
of Gelfand–Zakharevich (GZ) type: more precisely, they belong to the class
of complete torsionless GZ systems of rank 2 [17]. Each one of them has two
polynomial Casimir functions, whose coefficients form two Lenard chains for
each pencil which can be constructed by means of the deformation field τ .
Graphically, the Lenard chains of (P0, P1) can be represented in the following
8
way:
dF1
P0
~~}}
}}
}}
}} P1
  A
AA
AA
AA
A
0 0
dG
P0
 


 P1
  B
BB
BB
BB
B
d(−F3)
− 1
2
Lτ
oo
P0
{{ww
ww
ww
ww
w
P1
##G
GG
GG
GG
GG
d(F4/2)
−Lτoo
P0
{{vv
vv
vv
vv
v
P1
##F
FF
FF
FF
FF
0 X2 X3 0
where G = F2 + c(c− 1)F
2
1
/2. The Lenard chains of (P1, P2) are:
dF4
P1
~~}}
}}
}}
}} P2
  A
AA
AA
AA
A
0 0
d(cF1)
P1
||zz
zz
zz
zz
z
P2
##G
GG
GG
GG
G
d(G)
− 1
6
Lτ
oo
P1
||zz
zz
zz
zz P2
""E
EE
EE
EE
E
d(−F3)
− 1
2
Lτ
oo
P1
{{ww
ww
ww
ww
w
P2
""E
EE
EE
EE
EE
0 X2 X3 0
So, we can state that P1 − λP0 and P2 − λP1 are Poisson pencils of rank 2
and type (1, 5). Finally, the Lenard chains of (P0, P2) are:
d(cF1)
P0
||zz
zz
zz
zz
z
P2
##G
GG
GG
GG
G
d(−F3)
P0
{{vv
vv
vv
vv
v
P2
##F
FF
FF
FF
FF
0 X2 0
d(G)
− 1
6
Lτ
OO
P0
||zz
zz
zz
zz
z
P2
##G
GG
GG
GG
G
d(F4/2)
−Lτ
OO
P0
{{vv
vv
vv
vv
v
P2
##F
FF
FF
FF
FF
0 X3 0
implying that P2 − λP0 is Poisson pencil of rank 2 and type (3, 3).
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5 The reduction of the tri–Hamiltonian and
deformation structures
The tri–Hamiltonian structure (P0, P1, P2) of LT and the deformation field
τ admit a reduction on a four-dimensional manifold M ′ (see [1] for an inter-
pretation of this process in terms of the Marsden-Ratiu reduction theorem).
Let M ′ be a four-dimensional manifold parametrized by a chart (x; y) =
(x1, x2; y1, y2), and let pi : M 7→ M
′ = M/pi, : (ω; γ) 7→ (x; y) be the surjec-
tive submersion given by:
x1,2 = −
1
2
(c ω3 − i ω2)∓
1
2
√
(c ω3 − i ω2)2 + 4(γ3 − i γ2)
y1,2 = −γ1 −
1
2
ω1(c ω3 − i ω2)∓
1
2
ω1
√
(c ω3 − i ω2)2 + 4(γ3 − i γ2) .
A straightforward calculation allows one to conclude the following.
5.1 Proposition The Poisson tensor P0 and the deformation field τ can
be reduced under pi: the projected tensor fields take the form
P ′
0
= −i
(
0 I
−I 0
)
τ ′ = (1, 1, 0, 0)T (5.1)
where I is the 2× 2 unit matrix. On account of Proposition 2.2, also P1 and
P2 are projectable: the reduced tensors P
′
1
, P ′
2
take the form
P ′
1
= −i
(
0 X
−X 0
)
P ′
2
= −i
(
0 X 2
−X 2 0
)
, (5.2)
where X = diag (x1, x2).
Moreover, the deformation relations are maintained under pi. Since P ′
0
is
clearly kernel-free, one has a torsionless tensor N = P ′
1
P ′
0
−1; it can be easily
checked that N P ′
0
= P ′
1
, N P ′
1
= P ′
2
. So, we are just in the situation discussed
in Lemma 2.3, with a = 2, β = 0 .
6 The reduction of the vector field XL on the
symplectic leaves
In this section we consider the reduction of LT on the symplectic leaves Si of
the Poisson tensors Pi (i = 0, 1, 2). Each Si is a four-dimensional submanifold
10
of M , being characterized as a level set of two Casimirs functions of Pi . On
account of Eq.(4.1), the symplectic leaves are defined as
S0 = {m ∈M | ω3 = C1, ω
2
1
+ ω2
2
+ cω2
3
− 2γ3 = 2C2} , (6.1)
S1 = {m ∈M | ω3 = C1, γ
2
1
+ γ2
2
+ γ2
3
= C4} ,
S2 = {m ∈M | ω1γ1 + ω2γ2 + cω3γ3 = C3 , γ
2
1
+ γ2
2
+ γ2
3
= C4}
where C1, C2, C3 and C4 are fixed values of the Casimirs F1, F2, F3 and F4,
respectively. As these integrals of motion are in involution w.r.t. each Pi, a
level set, on Si, of the other two integrals of motion is a leaf Λi of a Lagrangian
foliation of Si . Let us note that for any m ∈ M , the Lagrangian leaves Λ0,
Λ1, Λ2, passing through m, coincide. Moreover, using the Marsden-Ratiu
reduction theorem, one can prove the following result.
6.1 Proposition [8] The symplectic leaves S0, S1, S2 are (locally) diffeo-
morphic to the four-dimensional manifold M ′ =M/pi.
Explicitly, let (x1, x2; y1, y2) be a chart of M
′; one can verify that the sym-
plectic leaves admit the following parametrizations.
6.2 Lemma A generic symplectic leaf S0 is parametrized by the mapping
Ψ0 :M
′ 7→ M : (x; y) 7→ (ω; γ) given by
ω1 =
y2 − y1
x2 − x1
, ω2 = −i (x1 + x2 + c C1), ω3 = C1
γ1 =
x1 y2 − x2 y1
x2 − x1
, γ2 =
i
2
[x2
1
+x2
2
+g1(x; y)] , γ3 = −
1
2
[(x1+x2)
2+g1(x; y)]
g1(x; y) = −
(y2 − y1)
2
(x2 − x1)2
+ 2c C1(x1 + x2) + 2C2 + c(c− 1)C
2
1
.
A symplectic leaf S1 is parametrized by the mapping Ψ1 given by
ω1 =
y2 − y1
x2 − x1
, ω2 = −i (x1 + x2 + c C1), ω3 = C1
γ1 =
x1 y2 − x2 y1
x2 − x1
, γ2 = −
i
2
[x1 x2− g2(x; y)] , γ3 = −
1
2
[x1 x2+ g2(x; y)]
g2(x; y) = −
(x2 y1 − x1 y2)
2
x1 x2 (x2 − x1)2
+
C4
x1 x2
.
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A symplectic leaf S2 is parametrized by the mapping Ψ2 given by
ω1 =
y2 − y1
x2 − x1
, ω2 = −
i
2
[x1+x2+g3(x; y)] , ω3 = −
1
2c
[x1+x2−g3(x; y)]
γ1 =
x1 y2 − x2 y1
x2 − x1
, γ2 = −
i
2
[x1 x2− g2(x; y)] , γ3 = −
1
2
[x1 x2+ g2(x; y)]
g3(x; y) =
x2
1
y2
2
− x2
2
y2
1
x2
1
x2
2
(x2 − x1)
−
2C3
x1x2
+
x1 + x2
x2
1
x2
2
C4 .
By means of these parametrizations, we can show that the LT admits a
qbH formulation on each one of the symplectic leaves. The following three
Propositions are easily proved by straightforward computations.
6.3 Proposition The vector field XL, restricted to S0, takes the form
XL = P
′
0
dH˜,
with P ′
0
given by (5.1). The Hamiltonian H˜ = h0|S0 is given by
H˜(x; y) = (c− 1)C1 Hˆ(x; y) + Kˆ(x; y) (6.2)
Hˆ(x; y) = F3|S0 =
1
x1 − x2
(
fˆ(x1, y1)− fˆ(x2, y2)
)
,
Kˆ(x; y) =
F4
2
|S0 =
1
x1 − x2
(
x2fˆ(x1, y1)− x1fˆ(x2, y2)
)
,
fˆ(ξ, η) = −
1
2
η2 +
1
2
ξ4 + c C1ξ
3 +
(
C2 +
1
2
c(c− 1)C2
1
)
ξ2 . (6.3)
So, we are in the situation discussed in Proposition 3.3, with α = (c− 1)C1
and β = 1; this allows us to conclude that in the chart (λ, µ) given by (3.5)
XL|S0 is a separable qbH vector field.
Remark The vector field XL|S0 is separable also in the chart (x; y). Indeed,
from Eq.(3.8) of Corollary 3.4 and from the expression (6.3) of fˆ it follows
that the solution W of the HJ equation for H˜ is W = W1 + W2, where
W1 and W2 can be computed solving by quadratures the ODEs obtained
replacing yi by ∂W/∂xi in the equation
y2i = x
4
i + 2c C1x
3
i + [2C2 + c(c− 1)C
2
1
] x2i − 2hˆxi + 2kˆ (i = 1, 2) ; (6.4)
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here, h˜ = (c − 1)C1 hˆ + kˆ and h˜, hˆ, kˆ are the values of H˜, Hˆ and Kˆ,
respectively, on a Lagrangian leaf Λ0(C3, C4). Now, we are able to make
contact with the Sklyanin method of SoV [11]. Indeed, comparing (6.4) with
the spectral curve coming from the Lax pair [14], it immediately follows
that the separation variables (x; y) satisfy the equation of the spectral curve
restricted to Λ0(C3, C4).
Now, let us consider the reduction on a generic symplectic leaf S1.
6.4 Proposition The vector field XL, restricted to S1, takes the form
XL = P
′
1
dH˜
with P ′
1
given by (5.1). The Hamiltonian H˜ = h1|S1 can be written as
H˜(x; y) = (c− 1)C1 Hˆ(x; y) + Kˆ(x; y) , (6.5)
Hˆ(x; y) = −G|S1 =
1
x1 − x2
(
fˆ(x1, y1)− fˆ(x2, y2)
)
,
Kˆ(x; y) =
1
x1 − x2
(
x2fˆ(x1, y1)− x1fˆ(x2, y2)
)
,
fˆ(ξ, η) = −
1
2 ξ
η2 +
1
2
ξ3 + c C1 ξ
2 +
C4
2 ξ
−
1
2
c(c− 1)(c− 2)C3
1
.
We are in the situation discussed in Proposition 3.5, with α = (c−1)C1 and
β = 1; so, we can conclude that the chart (λ;µ) given by (3.9) provides the
separation variables for H˜ . A solution of the HJ equation for H˜ is given by:
W (λ1, λ2; h˜, kˆ) =
∫ λ1√
ϕˆ1(ξ) dξ +
∫ λ2√
ϕˆ1(ξ) dξ (6.6)
ϕˆ1(ξ) =
1
ξ4
(
(
1
ξ
− α)2 + 2c C1(
1
ξ
− α)−
α(c− 2)C2
1
− 2h˜+ 2kˆ
ξ
1
ξ
− α
+
C4
(1
ξ
− α)2
)
where h˜ and kˆ are the values of H˜ and Hˆ on a Lagrangian leaf Λ1(C2, C3).
At last, passing to the reduction on the symplectic leaf S2, one has the
following result.
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6.5 Proposition The vector field XL, restricted to S2, takes the form
XL = P
′
2
dG˜
with P ′
2
given by (5.1). The Hamiltonian G˜ = h2|S2 can be written as
G˜ = −
1
2c
(c− 1) Hˆ2 + Kˆ (6.7)
Hˆ(x; y) = −cF1|S2 =
1
x1 − x2
(
x2fˆ(x1, y1)− x1fˆ(x2, y2)
)
Kˆ(x; y) = G|S2 =
1
x1 − x2
(
x2fˆ(x1, y1)− x1fˆ(x2, y2)
)
,
fˆ(ξ, η) = −
1
2
(
η2
ξ2
− ξ2 + 2
C3
ξ
−
C4
ξ2
)
.
So, we are just in the situation of Proposition 3.6, with α = −(c− 1)/2c and
β = 1; also in this case, the vector field XL|S2 is separable in the chart (λ;µ)
given by (3.11). A solution of the HJ equation for Kˆ is given by:
W (λ1, λ2; h, k) =
∫ λ1√
ϕˆ2(ξ) dξ +
∫ λ2√
ϕˆ2(ξ) dξ (6.8)
ϕˆ2(ξ) =
(
C4 +
2C3
ξ
+
2kˆ
ξ2
−
2hˆ
ξ3
+
1
ξ4
)
where hˆ and kˆ are the values of Hˆ and Kˆ on a Lagrangian leaf Λ2(C1, C2).
Remark In contrast with what happens on S0, let us observe that on S1
and S2 the LT vector field XL is separable in the chart (λ;µ) but not in the
chart (x; y), in which it does not admit a Hamiltonian formulation w.r.t. the
canonical Poisson tensor Q0.
Acknowledgments. This work was partially supported by the research
project Geometry of Integrable Systems of M.I.U.R. and by G.N.F.M. of
I.N.D.A.M.
References
[1] C. Morosi, G.Tondo The quasi-bi-Hamiltonian formulation of the La-
grange top, J.Phys.A: Math.Gen. 35 (2002), 1741–1750.
14
[2] G. Tondo On the integrability of stationary and restricted flows of the
KdV hierarchy, J. Phys. A 28 (1995), 5097–5115.
[3] G. Falqui, F. Magri, G. Tondo Reduction of bihamiltonian systems
and separation of variables: an example from the Boussinesq hierarchy,
Theor. Math. Phys., 122 (2000), 176–192.
[4] G. Falqui, F. Magri, M. Pedroni, G. Zubelli A bi-Hamiltonian theory
for stationary KDV flows and their separability, Regul. Chaotic Dyn. 5
(2000), 33–52.
[5] F. Magri, C. Morosi A geometrical characterization of integrable Hamil-
tonian systems through the theory of Poisson-Nijenhuis manifolds,
Quaderno 19/S, Dip. Mat., Universita` di Milano (1984).
[6] R. Caboz, V. Ravoson, L. Gavrilov Bi-Hamiltonian structure of an in-
tegrable He´non-Heiles system, J.Phys. A, 24 (1991), L523-L525.
[7] R. Brouzet, R. Caboz, J. Rabenivo, V. Ravoson Two degrees of freedom
bi-Hamiltonian systems, J.Phys. A, 29 (1996), 2069-2075.
[8] C. Morosi, G. Tondo Quasi-bi-Hamiltonian systems and separability,
J.Phys. A 30 (1997), 2799-2806.
[9] G. Tondo, C. Morosi Bi-Hamiltonian manifolds, quasi-bi-Hamiltonian
systems and separation variables, Rep. Math. Phys. 44 (1999), 255–266.
[10] F. Magri, T. Marsico Some developments of the concept of Poisson man-
ifolds in the sense of A. Lichnerowitz, in: Gravitation, Electromagnetism
and Geometric structures (G. Ferrarese ed.), 207-222, Pitagora, Bologna
(1996).
[11] E.K. Sklyanin Separation of variables. New Trends, Progr. Theor. Phys.
Suppl. 118 (1995), 35–60.
[12] S. Benenti Intrinsic characterization of the variable separation in the
Hamilton-Jacobi equation, J. Math. Phys., 38 (1997), 6578–6602.
[13] L. Gavrilov, A. Zhivkov The complex geometry of the Lagrange top,
Enseign. Math. 44 (1998), 133–170.
15
[14] T. Ratiu Euler-Poisson Equations on Lie algebras and the n-dimensional
heavy rigid body, Amer. Jour. Math. 104 (1982), 409–448.
[15] C. Me´dan The bi-Hamiltonian structure of the Lagrange top, Phys. Lett.
A 215 (1996), 176–180.
[16] G. Magnano Bihamiltonian approach to Lax equations with spectral
parameters, Acc. Sc. Torino-Mem. Sc. Fis. 19-20 (1995–1996), 159–209.
[17] I.M. Gel’fand, I.S. Zakharevich Webs, Lenard schemes, and the local
geometry of bi-Hamiltonian Toda and Lax structures, Selecta Math.
(N.S.) 6 (2000), 131–183.
16
